The aim of this paper is to show the problems of implementing the wireless adaptive networks with the free space optical (FSO) technology. Implementing adaptive networks with the wireless optical communication technology has several benefits and also some hindering problems. The thermal optical noise modeled with Gaussian distribution and link turbulence is two of the major problems of this implementation. In this paper, the theoretical analysis of the FSO link effects that are modeled with K-distribution and Negative exponential distributions are considered on the estimation performance of the adaptive incremental networks. These distributions arise when the FSO link is contaminated with strong optical turbulence. Experiments are designed to cover these conditions and the analysis is based on the steady state mean square deviation (MSD) and excess mean square error (EMSE) values for the incremental LMS (ILMS) algorithm and these are the metrics that show how well the adaptive network performs. Simulation results are presented for different parameters of K -distribution and negative exponential distribution and the results show perfect match with the theoretical outcomes. Based on these results, we show that implementing the incremental adaptive networks in the strong turbulence conditions is not feasible and we must think of some countermeasures for these cases.
desirable for implementing wireless systems with the military usages. One of these systems that are highly susceptible to interference and inception is the wireless sensor network and its close relative, the adaptive networks. The implementation of adaptive networks with FSO technology is highly desirable because the application of these systems can be environmental surveillance and target tracking that are mainly military applications. Despite all the benefits of FSO communications, this technology suffers from a link disturbance namely the optical turbulence [26] . The optical turbulence is caused by the varying refractive index of the environmental void between the optical transmitter and receiver that is caused by environmental interferences such as rain, fog and pollution. As this turbulence is variable, there are several statistical distributions for modeling its behavior. These distributions are mainly classified for modeling different levels of the optical turbulence that are divided into weak, moderate, strong and very strong categories. Various researchers used statistical methods for describing FSO link models based on the different optical turbulence intensities [5] . For this reason, multiple distributions are proposed, such as the Log-normal distribution [3] for weak to moderate turbulence levels, Gamma-Gamma distributions [21] for weak, moderate and strong turbulence levels and the negative exponential [5] and K -distribution [27] for very strong optical turbulence modeling. When the level of turbulence is weak or moderate, the performances of most systems are acceptable with FSO. However, when the turbulence is strong or very strong, we encounter many problems and therefore, we must think of some countermeasures. As we specified, in some applications we must use FSO and cannot neglect its benefits. In this paper, our aim is to see how severely the FSO links with very strong turbulence levels affect the performance of adaptive networks. Adaptive networks are mainly implemented in a distributed manner with two main strategies; 1) the incremental strategy and 2) the diffusion strategy. In this paper, we test the incremental strategy, which has a ring structure, with the FSO technology. From our theoretical analysis, we expect that the effect of strong and very strong turbulence levels can be very severe on these networks. In Fig. 2 we presented the idea of implementing the adaptive networks with FSO communication technology along with its turbulence problems.
As we mentioned, this paper aims to show the problems of implementing the wireless adaptive networks with the FSO technology. Previously, this task has been done to show that the adaptive networks can work with this technology but in this paper, we wanted to show when the turbulence becomes very severe, the network becomes useless and we proved it both theoretically and with simulation results. The FSO communication technology, while very profitable and applicable, is not always a suitable means of implementing wireless networks. For this reason, we suggested the channel estimation for these conditions. The necessity of channel estimation for adaptive networks is pointed out to encourage researchers in this field to work in this path. The rest of this paper is organized as follows:
In Section II, we explain the problem formulation of estimating an unknown vector with the adaptive networks. Section III presents the explanations for the FSO channel model in the strong turbulence conditions. Section IV contains the theoretical analysis and Section V is for the simulation results and comparing them with theoretical results. Also we will show the problems of implementing incremental adaptive networks in the strong turbulence conditions. Section VI is given to conclude as well as to suggest some future works.
II. NETWORK FORMULATION
To formulate our problem an incremental network with N nodes is assumed where the node k at iteration i has access to the measurement d k,i and the regression input vector u k,i . The linear relation between these values is:
where the M × 1 unknown weight vector
T is the key goal in the estimation process of the network. This goal can be achieved by the following minimization:
In this case the answer is:
where R u,k = E u * k,i u k,i and c du,k = E d k,i u * k,i are the regression input covariance matrix and the input-measurement cross covariance vector respectively. Also, we consider the regression inputs and observation noise variables follow the Gaussian distribution and therefore their covariance matrices become R u,k = σ 2 u,k I and R v,k = σ 2 v,k I where the I represents the M × M unit matrix. As the exact values of R u,k and c du,k are not available in most cases we tend to converge to the w o gradually using the distributed methods. In incremental strategy, each node k shares its local estimation of weight vector with its immediate neighbor k + 1 and plays as the initial estimation for the next node. The incremental LMS (ILMS) algorithm is given as [8] .
For each time i ≥ 0 repeat:
where µ k is the step-size. In this strategy, ψ k,i is the local estimation of unknown weight vector at iteration i on the node k. When we assume that the incremental network work through FSO channels as in Fig. 3 , the shared local estimation of the previous node is not exactly the same and is contaminated with channel noise and irradiance. The noise of the considered optical channel is additive white Gaussian as it is assumed in many FSO systems. Therefore, the received local estimation by node k would be:
in this relation I k,i are the channel irradiance coefficients with mean m k = E I k,i and second order moment s k = E I 2 k,i and q k,i denotes the M × 1 channel noise vector with the covariance matrix Q k = σ 2 c I. With this assumption, the updating relation of ILMS algorithm changes to:
and by replacing (6) in (4) we have:
Our main contribution in this paper is given here. In [3] , it has been assumed the channel gains follow a Rayleigh distribution but we consider the distribution to be Log-normal. In the simulation part, we will show that this assumption can lead to large performance differences. A network with N nodes is considered for the simulations. The nodes are assumed to have access to the vector regressor inputs {u k,i } and the desired scalar values {d k (i)} relating with each other through the linear relation:
The network follows the incremental strategy and therefore, each node only has communication with two neighboring nodes (The previous node and the next node). During this communication, the local estimations of nodes become contaminated with the FSO link noise and strong turbulence. The incremental LMS algorithm formulation with these assumptions becomes like this: Our goal is to converge to the w o vector and our measures for weighing the closeness to this vector are the MSD and EMSD values derived as follows.
III. THE FSO CHANNEL MODELS WITH VERY STRONG TURBULENCE LEVELS
The FSO technology is a promising solution to the problems of wireless communication systems including the interference, limited bandwidth and low security. The usage of this technology in various communication systems is a very interesting topic of research. In consideration of the FSO wireless links, we must take the noise and turbulence problems. This paper aims to show the very high distorting effect of strong turbulence conditions on the estimation performance of adaptive incremental networks. The link noise can be canceled partly with the noise cancelation methods, but the effects of strong turbulence link coefficients can only be alleviated with channel estimation and equalization methods. The FSO communication system channels are largely described by the following distributions:
a) The negative exponential distribution (for very strong turbulence condition); b) The K-distribution (for strong turbulence condition); c) The Gamma-Gamma distribution (for weak, moderate and strong turbulence condition); d) And the log-normal distribution (for weak and moderate turbulence condition) In this part, the negative exponential and K -distributions are described in detail for our later calculations:
A. THE NEGATIVE EXPONENTIAL LINK MODEL
The negative exponential distribution is a model that is widely accepted for describing the strong turbulence conditions [3] , [6] . The PDF of this distribution is given as:
where, E [I ] = I 0 is the mean of receiver irradiance. The Negative exponential PDF is shown in Fig. 5 for various values of I 0 .
In [3] , it was expressed that the most important characteristics of the channel model that affects the network performance are the mean and second order moment. Therefore, for the presented I 0 values we calculate these statistical characteristics. The rise in the I 0 value, makes the channel coefficients to fluctuate more and this causes the rise in turbulence level. It is important to mention that the mean of the channel coefficients for this distribution is not equal to 1 for all the conditions (m k = 1). This important issue will show its effect in the theoretical calculations where the assumption of m k = 1 will change several equations in relation with the calculations of [3] .
B. THE K-DISTRIBUTION LINK MODEL
The K -distribution can be achieved as a product of one Exponential distribution and one Gamma distribution [28] . The PDF of this distribution is, therefore:
where (·) Shows the gamma function and K n (·) Is used for showing the n th order modified Bessel function of the second kind. Also, the α is a parameter related to the effective number of discrete scatters. The statistical values of the K-distribution are given in Table 2 .
Using these values the PDFs of the K -distribution for different turbulence levels are given in Fig. 5 . It is important to mention that the mean of the channel coefficients for the K -distribution is equal to 1 for all the conditions (m k = 1). 
IV. CONVERGENCE AND PERFORMANCE ANALYSIS
For analyzing the effects of the K-distribution and Negative exponential distribution on the incremental network, we may use some of the related calculations [3] . However, here we show that the parameters of these distributions are highly effective in the performance and change the results considerably. In order to analyze the performance of the incremental network in the FSO channels we must define the following weight error vector:ψ
Now if we subtract w o from both sides of equation (7) and replaceψ k,i where necessary then we have:
In [3] , it was mentioned that the convergence condition for choosing the step-size parameter of the incremental LMS algorithm in FSO links is:
This condition shows that the value of step-size directly depends on the coefficient means (m k ) of FSO channel and therefore depends on the channel model that we assumed. To prove this convergence condition we must use some definitions [3] . Using (10) we have:
where:
By considering iterations in (13) we get:
For analyzing the convergence condition we define the M matrix:
In order to converge, all Eigen values of this matrix must be inside the unit circle, it means:
In other words, we must have [3] :
In order to satisfy the constraint of (17) it is sufficient to have ρ (m 1 J k ) ≤ 1 this entails:
Therefore, the limits for step-size are pointed out using:
and therefore the convergence condition is proven to be the same as [3] . Also, by considering this condition we have:
Now, in order to analyze the mean square performance of the ILMS algorithm we define the following performance criteria as
We define:
In this relation C 0,i = C N ,i−1 also C 0,1 = I. We can write:
If we apply the weighted norm operation in both sides of equation (11) and take expectation of them we get:
In this recursive relation we have:
where we consider the following relations:
also, we define it as
By considering these definitions, the equation (30) can be written as:
and we have:
Hence, we can write:
By the following definitions:
and
we have:
and also we have:
Now if we choose a sufficiently small step size, so that:
We get to the following relation for i > 0:
where we used the following definitions:
Also, as for small step sizes as the iteration number goes to infinity (i → ∞), we have:
then the steady-state metrics in FSO environment become:
then according to (45) we must determine g k,∞ using (39). Therefore with the help of (22) we have:
The assumption in the previous literature has been that the C k−1,∞ term can be canceled out from the equations because the mean of the FSO channel coefficients has been assumed to be m k = 1. This assumption is correct for the k-distribution but not for the Negative exponential distribution. Therefore, the changes in the equations (50) to the end of this paper are made in this paper to cover the cases when m k = 1. Also, we have:
. . F N and we can write:
If we define s p N k=1 s k we can write:
Now we can approximate g k,∞ and a k,∞ :
Finally, we can derive the following relations for the steadystate behavior of ILMS algorithm under FSO conditions using the performance metrics. First, we start with the MSD value:
where unlike [1] instead ommiting the C k−1,∞ term, we incorporated in definition of f k :
Next we have the EMSE metric to analyze the performance of the incremental network:
The comparison between different levels of the K-distribution modeled strong turbulence on the performance of the incremental network in MSD sense.
As we can see, in all of these equations, the channel statistical properties are included. The m k and s k values in these relations are directly dependent to the turbulence distribution models and can be obtained from Tables 1 and 2 for the Negative exponential and K-distribution link models, respectively. In the next section, we will compare these theoretical findings with the simulation results.
V. SIMULATION RESULTS
For showing the impact of FSO links with strong turbulence on the performance of incremental networks we design several simulation scenarios. In all the simulations, the assumed network consists of 20 nodes. The network is tasked to estimate a vector with the size of 4 (M = 4). We assume that this network is produced as w o = [1111] T / √ 4 and we try to estimate it through noisy input data. The input data and noise variables are both produced using the Gaussian distribution. However, the variances of the inputes are much larger than those of the noise vriables and we have σ 2 u,k = 1. As in Fig. 3 , the links between nodes are contaminated with link noise variables and the variance of σ 2 c,k = 0.001 the measurement noise variance is σ 2 v,k = 0.001. Also, according to the assumed distribution models for the link coefficients, we separated our results.
The simulation results are produced by the computer simulations using the MATLAB software version R2016b and the theoretical results are produced by the mathematical calculations that are given through the paper. First, we assumed that the network is contaminated with K-distribution modeled FSO link coefficients. The results are shown in Fig. 6 . Here, we want to show that the adaptive incremental networks are highly susceptible to the adverse effects of the links between the nodes and this is presented by the error levels of the ILMS algorithm. The simulation results are presented for different values of the α parameter and with the MSD criteria. The two lowest diagrams in this figure present the only noisy condition without FSO turbulence.
As we can see, the performance of the network gets better as the value of α gets higher and the performance in the only noisy case, is much better than the strong FSO turbulence conditions. Now the same results are presented using the EMSE criteria in Fig. 7 . The EMSE values are a bit higher than the MSD values as in theoretical analysis. For comparing the theoretical and simulation results we used relation (54) and (56) and for the K-distribution model, we considered that the parameters of this distribution are the same as in Table 2 . The comparison between the simulation and theoretical results in this condition is given in Fig. 8 for both MSD and EMSE criteria. We assumed that for this comparison we have α = 12 which entails the best performance for the incremental network in the strong turbulence conditions. In Fig. 8 , there is a reasonable match between the theoretic and simulation results. However, the results are unacceptable because for the ILMS algorithm to converge, the error values must be much lower than the achieved outcomes. Next, we assume that the link coefficients are modeled with the Negative exponential distribution. The performance of the incremental network, in this case, is given in Fig. 9 for the MSD criteria. The important parameter in this diagram is the I 0 .
In this figure, the only noisy cases (the two lowest diagrams) show much lower error values for the incremental network performance. Now the same comparison is given in the EMSE sense in Fig. 10 . Then, for presenting the theoretical results we assumed the statistical values of Table 1 , for the Negative exponential distribution and the relations (54), (56).
The comparing results of both simulation and theoretical analysis are given in Fig. 11 for I 0 = 0.5. As we can see in both cases the theoretic and simulation outcomes are matched but the results are unacceptable. This shows that for the incremental networks, the effects of the strong FSO turbulence are highly negative and unless some countermeasures are taken into the consideration, the implementation of these networks using the FSO technology may not be recommended.
VI. CONCLUSION
The aim of this paper is to show the problems of implementing the wireless adaptive networks with the free space optical (FSO) technology. In this paper, we investigated the impact of the strong turbulence conditions of FSO links on the performance of adaptive incremental networks. We showed that the links in these conditions follow either the Negative exponential or the K-distributions. The effects of these distributions have been shown to be highly deteriorating to the performance of the network. These effects get worst when the I 0 parameter for the Negative exponential distribution gets higher and also when the α parameter for the K -distribution gets lower. For the Negative exponential condition, the network becomes non-convergent when the I 0 parameter is 2. Our conclusion is that if we want to implement an adaptive incremental network with strong turbulence FSO link conditions, we must think of countermeasure methods like channel estimation. In future works, we will investigate these countermeasures and their improving effects.
